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Kaluza—Klein Theory and Dirac Equation in Higher
Dimensional Riemann-Cartan Space

Guo Min Zhang' and You Lin Wu?

Received August 6, 1995

The higher dimensional Kaluza-Klein theory in Riemann—Cartan space is
discussed. To clarify its implications, we investigate the simplest five-dimensional
case of the theory in detail. The Einstein-like, Maxwell, and Dirac equations in
four-dimensional space-time are obtained by reducing the corresponding five-
dimensional field equations. The effect of spin—spin interaction induced by torsion
is revealed by analyzing the Dirac equation in this case.

1. INTRODUCTION

It is well known that all kinds of elementary particles can be classified
by means of irreducible representations of the Poincaré group and can be
labeled by mass and spin. Mass and spin are elementary notions, each with
an analogous standing not reducible to the other. General relativity based on
the torsion-free Riemann space-time V, couples the energy-momentum tensor
of matter to the Riemann space-time curvature. On the other hand, following
Einstein, Hayashi and Shirafuji (1979) built up a teleparallel theory of gravity
in curvature-free Weitzenbock space-time A, in which the energy-momentum
tensor of the matter couples to the torsion tensor of the space-time and the
spin distribution of the matter is only reflected in the antisymmetry of the
energy-momentum tensor. A more reasonable model should consider both
the mass and spin of matter as sources of the curvature and torsion of space-
time, respectively, and formulate a theory of gravity in Riemann-Cartan
space-time Uy, which is the so-called Einstein—Cartan theory (EC theory)
(Hehl er al., 1976).
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The Kaluza—Klein theory (KK theory) (Toms, 1984) was first put for-
ward by Kaluza (1921) and Klein (1926) in the early twenties. Later, it
was applied to the case of higher dimensional Riemann space. The higher
dimensional KK theory in Weitzenbock space has also been formulated (You-
lin, 1993). Next we establish the higher dimensional KK theory in Riemann-
Cartan space.

In this paper, we first give the general gravitational field equation and
Dirac equation of the matter field in higher dimensional EC theory. Then,
as an example, we deduce the Einstein-like equation, Maxwell equation, and
Dirac equation in four-dimensional (4D) space with a given metric by reducing
the corresponding five-dimensional (5D) field equations. Finally, we discuss
the gravitational spin—spin interaction induced by torsion.

2. ACTION

First, we give our conventions. Objects or quantities with (without) a
caret refer to those of higher dimensional space (4D space-time) and objects
or quantities with a tilde are those of the Riemann space so as to distinguish
them from those of the Riemann-Cartan space; Greek letters ., v, . .. (Latin
letters A, B, ... ; M, N, ...) are used for coordinate basis indices (horizontal
lift basis indices; orthonormal basis indices).

In order to set up theory of gravity in n-dimensional (nD) Riemann-
Cartan space U,, the nD action of the theory should be given. For this, we
first define the higher dimensional torsion tensor in the coordinate basis as

Ou0=Ths,  fd...=(0,1,2,3,5...,n .1

where l“":‘“, is the affine connection in Riemann—Cartan space. If the metricity
condition V; g5; = 0 is assumed, we have

f‘fll? = 1’;})\;_1-, - f{ﬁ_{,x (2.2)

where I'}; represents the corresponding Riemann connection and IA(ﬁi," stands
for the contortion tensor

F A — _A X AX _ AN

K,w = Q,w + 0; i Q)‘,Lf: (2.3)
For the sake of convenience we introduce a modified torsion tensor

Tt = Q;w)‘ + 830, — aﬁQﬁ (2.4)

where Q; = Qj;*. The higher dimensional Riemann—Cartan space curvature
tensor in coordinate basis is given by

Rﬁ_‘;éx = 28[ﬁf‘§][§ + Zf‘%:;lltif‘ﬁﬂﬁ (2.5)
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The scalar curvature R = R;* = R;;** may be obtained by contraction of
the Riemann—Cartan curvature tensor. Using (2.2) and (2.5), we can separate
the scalar curvature into a Riemannian and a torsion part,

R =R+ 208 + Rs"Ro™ — RipiR,™ (2.6)
The field Lagrangian density is given by

N 1 R

L = % 2.7

where k£ = 871G, and G denotes the gravitational constant. Here we use units
such that & = ¢ = 1.

To introduce a spinor in Riemann-Cartan space, it is necessary to choose
at every point of U, an orthonormal basis. The corresponding n-bein €,
satisfies

-

Bio = 6" 6%Aws, M, N---=1(0,1,2,3,5,...,n)  (2.8)

where A5 = diag(+1, —1, —1, ..., —1) is the nD Lorentz metric. Just as
in the Riemannian case, the spin connection may be written as

A 1 A oK

with 6M¥ = 7‘{['9”, 37, where 4™ is the Dirac matrix in nD Lorentz space
which satisfies

,?M,?I\'I + ,?N,?M — 2ﬁMN (2.10)
Using (2.2), we can rewrite (2.9) as
f. =T, + &, @.11)

where K; = 1R, 6™, The spin covariant derivative, similar to the case of
Riemann space, is defined by

G0 = (o, + Po¥ = 0.9 + k¥ 2.12)

where ¥ is a Dirac spinor in higher dimensional space. Let the matter
Lagrangian density be given by

~ l .. .a & PO oSN
<L, = 3 Ty ¥ — V9] — mP¥ (2.13)

Using (2.11) and the formula
Y0 = R 4 gisge 4 giogh — goig? (2.14)
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apa

where §lA%1 = 4i4943] is totally antisymmetric with respect to p, v, o, we
can rewrite (2.13) in the form

e 21Nl (2.15)

where £, is the matter Lagrangian density in Riemann space. The total action
then is

f= I J85(&s + &) d'x (2.16)

3. FIELD EQUATIONS

In the course of constructing KK theory in higher dimensional Riemann
or Weitzenbock space, we can directly reduce the action to a sum of actions
of 4D gravity and the gauge field, for the curvature or torsion is formed by
the given metric, while in higher dimensional EC theory, both the metric and
torsion are independent field variables. In this case, we must first vary the
action to obtain the field equations, then consider the possibility of their
reduction. Performing the variation with respect to g**, f(.m:, and ¥, we get
the following results:

(i) The first field equation is

G}lﬁ + iv = kg}iﬁ (31)
where
fﬁ.ﬁ = 2[Tﬁdg(f‘géd + T‘;&G) - T’;_Tﬁ] - 2Tdﬁﬁfdﬁg
- %gw[fdgﬁ(zfﬁﬁ + Ty — 27,79 3.2)

labels the combination of the torsion terms with T = f’xﬁ‘;\, and

5 28(J8%)
e \/Eagm‘.fz -

denotes the metric energy-momentum tensor. G; is Einstein tensor in Rie-
mann space. Alternatively, we may introduce an asymmetric total energy-
momentum tensor, so as to get the generalized Einstein equation in Riemann—
Cartan space. However, it is easy to verify that the two kinds of equation
are equivalent.

"é (P4 ¥ — V Ty, ¥ (3.3)
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(i1) The second field equation is
Tak = —fGun (3.4)
where

S‘.}iﬁx (f‘gm) l

N
is the spin angular momentum tensor of the matter field. It is totally antisym-
metric. From (2.3) and (2.4) we know that Kt = ik g als0 totally

antisymmetric. Exploiting the second field equation (3.4), we can reduce the
first field equation (3.1) to

TF ok (3.5)

2 . ~df 1 . PP A
G T“BHT b ngTd[;yaT BY = -kg‘if, (36)

i3
(ii1) The Dirac field equation is

/A, V4 - ’Ku AU — b =0 3.7

4. FIVE-DIMENSIONAL EC THEORY

In order to clarify how field equations in higher dimensional EC theory
reduce to those of gravity and gauge fields in four-dimensional (4D) space-
time and to reveal the spin—spin interaction induced by torsion explicitly, we
consider the simplest 5D case. The 5D metric in coordinate basis may be

taken as
) ,— KALA, —KA .
gw=(g" A, -1") =) (@1

where A, may be identified with the electromagnetic potential and the constant
K is mtroduced to ensure that kA, is dimensionless. We choose the horizontal
lift basis (HLB) 64 with A = (A 5), which is convenient for calculation. Its
components are given by

8 = 3ddxr,  0° =adx° + kA dx* (4.2)
The basis vectors é; which are dual to 84 are
€y = (9, — KA, d5)0%, és = 0s (4.3)

By this choice, the metric becomes diagonal

0
gis = (gg” b 1) 4.4)
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where g4p = 8,.0405.
Because the HLB is anholonomic, we define the commutation coeffi-
cients C45° by

(4. 28] = Cia“e (4.5)
Just as in coordinate basis, the connection coefficients in HLB can be
expressed as
Cisc = Cage — Kaea, (4.6)
with the Riemann connection coefficients (Toms, 1984)
~ l . . . . . . N . .
Lige = 5 [8e(8ap) + é5(8ap) — €iGes) + Chne + Cars + Cegal  (47)
The curvature tensor in HLB is defined as (Choquet-Bruhat et al., 1977)
Rige® = e;(Thp) — es(TRp) + TRl he — Thelhe — Cis' TR (4.8)
Obviously, expression (2.6) also holds in HLB:
R = 13 + 2(%,41%5“) + I%Ab’if([;éb - 1%5[)"1%,;3[’ 4.9

Using HLB, it is easy to prove R=R+ 1KIFWF

wvs then the field Lagrangian
density becomes (in coordinate basis)

. 1 . 1 [~ 1 s
Fs==R=—|R+ - k*FWF,, + 2V K%
STk T %k [R 2" wy alte

Here, we assume k? = 2k = 16wG, so as to make the second term on the
right-hand side of (4.10) coincide with the Lagrangian density of electromag-
netic field.

In HLB the fiinfbein, like the metric, is simply block diagonal

M
MA - e A 0
eM; ( 0 1) “4.11)

[;=T;+K; (4.12)

where I'j = 164V 1(é45)6*" is the Riemann spin connection; its components
can be evaluated as (Macias and Dehnen, 1991)
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~ . l ~
I, = (Fu + 2 KeN"Fu,,crN5>8”, I's = i keyten'F,,o  (4.13)

The spin-covariant derivatives in HLB are then defined by
Vil =@ + TH¥ (4.14)

while the Riemann spin-covariant derivatives are given by
V0 = 080, — kA5 + To¥, V¥ = (5 + To¥ (419

Therefore, the Dirac Lagrangian density may be taken as

~

=B + iikm"ifﬁ‘““‘if (4.16)
where

&, = = iy, ¥ — 9, 8948) - mT¥ (4.17)

NI—-

is the Dirac Lagrangian density in Riemann space. Hence the total action
function of 5D EC theory is

P = [ dx JE( o + Z) (4.18)
Performing the variation with respect to K;;*, we obtain the field equation
sk = —i Ty (4.19)

Using (2.3) and (2.4), we have
Kot = o = iik%h“‘hif (4.20)

Notice that now both the modified torsion tensor T#% and the contortion
tensor K% are totally antisymmetric.

Because the fifth coordinate is usually assumed periodic, we choose, as
in 5D Riemann space, the Dirac spinor W(x*, x%) = exp(ix’/L), to guarantee
that the EC theory is covariant with respect to U(l). Thus (4.20) may be
expressed by means of a spinor §s in 4D space-time:

Ruok — ik — VY ;Mlq, (4.21)

-lkl'—
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To derive the Einstein-like equation of 5D EC theory, we may take the
orthonormal fiinfbein é¥; as basic field variables, which can be expressed

explicitly as
) Mo
e = (:A: 1) (4.22)

Varying /% with respect to eM, and A,, we get the following results:
The Einstein-like equation:

T [ 2 .
Rp.v - 5 guvR = SﬂG[-ﬁi l(wy(vvu}‘b - V(,ﬂb%)‘w

1 I N
- (F\LFM ~2 ng“BFQB) + 2 i(léﬂG)”*Fadecw“dJ]
| o ad 1 . -
* 16 K e P — 3 Sk Y apr Uy P
(4.23)
The Maxwell equation:
V.F¥ = —efy*y — V,[Li(16wG) oty ) (4.24)

We can also vary J° with respect to {5, and obtain the following:
The Dirac equation:

i’iﬂ"%ﬂw + iif(ﬁ,;ﬁm”:}dj —mp =0 (4.25)
Using (4.21), we can rewrite (4.25) as

iyH(a, — ieA, + Ty + %i(léwG)"szc‘“y% - %yw - my

_ 3 _—
— 3nGEYsYYsYL — S TG sy = 0 (4.26)

where e = «/L is the electron’s charge.

It can be seen that, in contrast with the Einstein equation in 5D Riemann
space (Macias and Dehnen, 1991), the Einstein-like equation (4.23) has two
extra terms. The first of them exists in the 4D EC theory already, while the
last one is specific to the SD case. Both of them may be regarded as additional
effective energy-momentum tensors arising from spin—spin interaction
induced by torsion. The analogous terms also appear in the Dirac equation
(4.26). But the Maxwell equation (4.24) has the same form as in the Rieman-
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nian case. This reflects the fact that there is no coupling between torsion and
electromagnetic fields.

Just as in the case of 5D Riemann space, there is an additional mass
term L™ 'y in the Dirac equation (4.26) of 5D Riemann—Cartan space. The
large magnitude of the additional term [L™!' = e/(16wG)'? = 2.6 X 1077 g]
yields no correspondence between Dirac fields and observed particles. There
are two possible approaches to obviate this problem. First, we may perform
a spinor transformation (Vladimirov, 1987), ¢ = S{’ = exp(8y°)s', to diago-
nalize the mass term by appropriate choice of 8 and get the total mass m’
= (L2 + m»)"2, which consists of two parts: the mass contribution from
the electrical charge and the prime mass m. In order to match the m’ with
the observed electron mass, for example, the prime mass /m must be taken
to be imaginary. Macias and Dehnen (1992) have proposed another approach
to solving the mass problem by introducing a scalar field into the metric of
the Kaluza—Klein theory of 5D Riemann space. In this approach the coupling
term of scalar and Dirac fields can be interpreted as the mass term, and a
nontrivial ground state for the scalar field exists. Then the observed electron
mass can be obtained by appropriate choice of the ground state of the scalar
field. It can be easily seen that the second approach should also be applicable
for the 5D Riemann—Cartan case.

S. THE SPIN-SPIN INTERACTION IN 5D EC THEORY

From the field equation (4.20), we can see that the term which contains
the contortion tensor in the Dirac equation (4.25) represents the spin—spin
interaction induced by torsion. To single out this interaction, we may ignore
the Riemann connection (Tu) and electromagnetic potential (A,,) temporarily.
Thus the Dirac equation (4.25) can be simplified as

i | PR
Rl + 2 iKigg V¥ — mpp = 0 5.1

According to the discussion at the end of the last section, here m should be
regarded as the total mass m’'. )

For simplicity, suppose that the contortion tensor Kj43+; can be regarded
as the background torsion generated by the spin-3 particles, which is proposed
as an electron distribution of number density n and spin in the up (+2)
direction. The background electron wave function in terms of which the
K[dgﬁ] is formed may be taken as u = u(0)e”", u(0) = Jn(1000)T. Puta
test electron at rest in the background; it will suffer an action from the
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background torsion. Its wave function can be set as ¢ = y(0)e™. Then the
Dirac equation becomes

_ 3 _
Yomp + QG (@ysy u)ysyab + 2 TGy (sap )Y = E§  (5.2)

In the aforementioned case, it is reasonable to use the constant Dirac
matrices

I 0 [0 o _ (o1
Yo = (0 _1)7 Yi = (_Ui 0)7 Ys = 1(1 0) (53)

satisfying (2.10). Then we get from (5.2) the eigenenergy for the test particle
(in cgs units)

(5.4)

3mGH? ‘rrGﬁ2> _ 5., 8mGhn
- n = mc* *
c 3c? 3c?

Notice that in (5.2), the nonlinear term (3G (THysy*u)ysy«y which
exists in 4D EC theory already stands for the spin—spin pseudovector direct
interaction term (Hehl and Datta, 1971), while the second term%‘rrG(Hy[Samu)-
%98l induced due to the additional dimension of space, represents the
spin—spin pseudotensor direct interaction term, which has an opposed effect
on energy to that of the pseudovector one.

On the right-hand side of (5.4), the positive sign corresponds to test
particle spin in the up direction, aligned with the background, and the negative
sign to test particle spin opposed to the background. The same result is
obtained for positrons. Thus, we may conclude that the gravitational spin-spin
interaction is repulsive for Dirac particles with aligned spins and attractive
for opposed spins. Because of the extremely small order of magnitude (8wGA?/
3¢t ~ 107% erg-cm?), the spin—spin interaction can be comparable to the
mass term whenever the number density n = m/k*h = mc*8wGh ~ 10
cm™? is achieved; therefore, it might have an effect only on the evolution of
the early universe (Kerlick, 1975; Hehl et al., 1976).
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